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Wide-Band Directivity of Receiving Arrays
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James J. Faran, Jr. arnd Robert Hills, Jr.

‘May 1, 1953

-~ T Summary

The method of maimizing the directional gain of a receiving

2rray (reretofore usefu: only at a single frequency) is extended to

the case of operation at « finite bandwidth. It is also shown how to

design for maximum effective gain in the presence of noise which

might arise within tre individual transducers or their preamplifiers.

Some necessary noise-field correlations are computed, and numerical-

examples are included to show the effects of bandwidth and self-noise

on the overall gain for reception which can be ackieved. The directional

. . gein of a2 broadside linear array for operation at a finite bandwidth is

i always less than that {or operation at'a single frequeni:y, but is always -
greater, and often considerably greater, than the gain realized by use
of the single -frequzsncy design at the finite bandwidth. Unlike the
single-frequency design, whose directional gain falls very rapidly as
the operating bandwidth is increased from zeru, the wide-band dcsxgns
operate with good ge.'n over a wide range of bandwidths.

Acouétics Research Laborztory
- Division of Applied Science -

Harvard University, Camhridge, Massachuseilts

38 ) ,
= *’h”*%&‘dwﬁ’ﬁfd‘&'.{ﬁfﬁ TIR S TN EATCER B D SRR S AT S




PB;EFA'GE

The subject of thii§ memorandum is a by-product of a -
research project under ¥ay at this laboratory under the gmerd
heading *The Applicatioft of Correlation Techaiques to Acoustic’ .
Receiving Systems. " 7he principal results to this time have '
been reported in Techniéal Memoranda Nos. 27 and 28, The
“authors again wish to express their appreciatio to Prof.essoz 7
F. V. Hunt, who initiated this project, for his hel,:ful and

stimulating dlrectmm
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{in receptin) is no less serious in reducing the directional gain. However, . {

- TM31

WIDE-BAND DIRECTIVITY OF RECEIVING ARRAYS

James J, Faran, Jr. and Rohe;’t Hills, Jx.
Acoustics Research Laboratory
Harvard University, Carmbridge, Massachnsetts
1.

Introduction

Certain functions which appear in the usupal j_orxhnlaﬁon‘ of the problém
of maximizing the directional gain of an array can be considered to rq;resent
simply special, single-frequency forms of a spare correlation function whick
cari, in principle, be evaluated for any spectrum. Analysis of the directivity
"problem from this point of view yields an extension of present design tech-
niques io the case of maximizing the directioral gain of an array for widé-ba.nd
signal reception. It is becoming well known” that the computations inv‘alved_.
in ma.ximizih’g the gain of an array for operation at a single frequency are very
laborious, and lead to specification of element currents, voltages, or sensi-
tivities which are very large compared to those for-the uniform array and
whose magnitudes must be controlled with fantastic accuracy to achieve the
predicited directional gain. By the same tcken, the spacings and frequency
of operation must be accurately controlled to the same degree. The effect - i ' j
of attempting to operate such an array with signals of finite bandwidth {in :

transmission) or in the presence of a background noise of finite bandwidth

the elemein s:nsitivities which maximize the directional gain of an array

used in ri:eption can be determined in a straightforward manner for any :
spectriu.~ by inserting in the original formulation of the problem the proper g

values o7 ihc space correlation function mentioned above. In an isotropic

L
S

Priv.kasd, R. L., Directivity of Acoustic Linear Point Arrays, Technical
Meorrsrindum No. 21, Acoustics Research Laboratory, Harvard University,
Tarmbridge, Massachusetts, {Jenuary 15, 1951}

]

“Yars, W, "A Note cn Super Ga'n &ntennz Arrays”, Proc. 1. R. E. 39,
021230855 (September, 19310,
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- =oise backgrovnd ( & terms of which the directioral gain is def.ned) t}ns
space correlation furction can be readily compited for at least several
. spectra, and is found to depend orly on the distzrce betweer the elemenis
ard the relative time delay of the sigrals after reception, if any. I these
backgroend noise correlations can not be computed readily, ard if they can be -
reasured, the design for maximum gain can be carried out in terms of
the measured values. ’ . . : - - -
. Because the reception problers depends almeost entirely upo:; these
) noise correlations, one may infer that the process of "shading"” or selecting
these sensitivities for the greatest output signal-to-noise ratio is simply
ore of cancelling, as much as possible, the coherent parts of the noises .
received by the various elements. ! the spacing is so wide that tjxcre is

little coherence between the noises received by the varioﬁs'elemen:s. there

n-

IZttle that can be done to increase the directional gain by making the sensi-
tivities other ﬁ:an umform Because, in reception, the shading is an oper-

tion which is carried out oaly with regard tc the‘\ackgxound naise, the design
Is not dependert upon the spectruwre of the signal, as it 12 in the case of 2
‘tramsmitfing array, but only on the spectrumn of the tackground noise ax the
-output of the receiver (assumed to contain no noniigear cucmts‘ whose

-

pass-band reed only be as wide as is necessary-to handle the signal.

It has rot, perhaps, deen genera)iy recognized that the presence
of even very small amounts of self-noise in the individual elements or ) -
pre2mplifiers of an array which kas been designed for maximum gain can '
very seriously decrease its effective gain. This is particxﬂériy true if any
of the sensitivities of the individual elements are considerably larger than
the over-all value for the uxmiform array. It will be demonstrated how such
noise, if it exists, can be taken inte account in the design of the array, by

maximizirg a suitably defined effective gain,

. : ; n.
Directioral Gain and Effective G2'n of an Array

Used in Reception

Assume that an array of m receising transducers i3 located in a noisy

A e - . - -
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TM31 ’ -3~ : :
signal-bearing medium; that the signal and noise from each eleraent is dclayed

ok . a suitable time T to compensate for the possibly different travel times from the

‘ signal source to the different elements, and adjusted in amplitude by the factor

'\ ﬂ;‘ e, Tanda being, in general, different for each element; and that. these signzls
f“-: - are then added. Such an array is shown in Fig, 1. We assume, for convenience,
‘ 3 7 that the mean-square amplitude of the signal at the output of each transducer is
‘Z f . ) unity, and that the mean-square amplitude cf the background noise at the output of
- ) each transducer is also unity. After the proper drelay compensation for travel
u; . time, the éignals from all elements will be in phase, and the iotal signal at the R
{u,,-i} " output will be ' ) : ' o
2 | - |
2o _ S _ . : s(t)iloi. : )

i=} -

We apply the constraint

R’E 9;-1=0 : . T 1)
to insure that, whatever the set &f toetficients e the mean-square signal ampli-
~tude at the output of the array will be unity. Now assume that the backgroumi
) noise received by the ith transducer is ni(t); after compensation and shading, the
contribution of the ith transducer to the ouiput noise is nini{t - ?.; }, and the mean-

square output noise Irom the entire array is

2 {g a ni(t - ‘t'i)
=t
=§: uinj“i(t - Ta;i)nj {t- i’j)

i=1 j=1

: ' m i
- . = 'qi“j P_i,j'( fj - ti, (2) ) )

i=1 j=1

o . . .3 .
where P, .(:j - 'zj) is the cross-corrclaiion function™ of the background noises

Ferzn, ¥ 3, Jr., and R. Hills, Jr., Corrclators for ngnal Reception,
7 cousticos Avanareh L:‘“O'”or" "‘d"‘ ard

~— e owae B [
bEQerien, SLanoral i W2, o

, .
Ur reity, Crmbridge, Mzosothusells. S:,ph.mhr:: 15, 1952, Chap< 1.
BN LT T4 (5 IR RSN IAT NARN PR & e e b A 1D L ”&“
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received by the i™ ana 3 eiemeﬁts. axd is mormalized in the sense that
s i-._-!.)) = pj J.(O) =1, ancé also in the sense that
s N

XN AY XA
A R :
22y * njzit}

These correlation coefficients can be calculated easily for nondirectional
transducers in an isotropic backg_round noise {ield having certain spectra;
thase calculations dre presented in the Appendix., For nonisotropic noise
fields, if they could not readily be calculated, they might still he measured
experimentally with sufficient accuracy to allow shading of an array for
optimum operation in that particular nonisotropic backgrourd noise field.
Because, by {1}, the mean-sqgunare signal at the output of the array is unity,
the mean-square noise output given by {2} is the reciprocal of the output o -
s‘.gnal-to—_hoisa ratio, and because the signal-to-noise ratic at the input of
aﬁ)' transducer was chosen to be unity, {2) is also the reciprocal of the
signal-to-noise-~improversent power ratio. In ihe special case where the
correlation functions correspord to an isotropic noise background {defined
in the Appendix), {2)' is the reciprocal of the directivity factor, DF. ‘How-
ever, because the analysis applies 1o cases where the background noise is -
rot isotropie, if the correlation funciions can be determined, we shall refer

to (2) generally as the reciprocal of the signal-to-noise-improvcment factor,
g ¥ P g _

{L\, . -
IF </, ) iR e o
=1 . . .

i=1

IF, whence

I there is noise generated in the individual transducers {or their
preamplifiers), the output signal-te-noise-improveraent will be less than
that given by {3), .and can be consiuerably less, if thke shading coefficients
are large. In order to deal with possibility, we define the vffective signal-
to-noise-improvement factor EF to be the mean-square output signal-to- .
noise ratio when the mean-square input signal-to-noise ratio it unity.
Obviously, if there is no transducer secli-noise, EF = IF. Now let the rms
amplitude of the self noise n.{t) at the vutput of the 1lh receiver be ﬁi; {heén

the mean-square noise at the output of the array {after compensation and

‘ ,. ~¢. e - T - - . ;
TS A TR T e M L S R S S S LOP LML L M A A R ot
e Lax »
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:—?' Fig. 1. Array of m recciving transducers with delay networks
R to cornpenseie for the possibly different travel times from the
id ) signal source to the various elements and amnplifiers whose gains
ey are cqual to the shading coefficients, The sum of the outputs of
‘f % these amplifiers is the output of the acray.
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shading) is - :

ey S

i=1 -
it?’ nn(t T!n. {t- z'H (t ﬂ . :
i=1 j=1
m_ i '
=i z Qi (1: f} + lzﬁlz M
i=} j:l i=}1

where it has been assumed that the self-noises are not coberent either with
each other or with the noises from thé medium.- The effective signal -to~-
noise improvement factor is then given by »

ZZUU r)Zazaf- T

When the correlation coefficients used in the above expressions correspond ~

to an isotropic noise background {and there is no transducer seif-noise); IF is:
equal to the directivity factor, and the dirgctional gain of the array is simply this
directivitr factor éxpressed in decibels, In a similar manner {when there '
is self-ac.se), we can define an effective gain of the array to be equal to EF,

as defined above and expressed in decibels, when the correlation cocefficients
correspond to an isotropic background.

ni.

Maximization of the Directional Gain or of

the Effective Gain

The cocfficients a, for maximum DF, IF, or EF are readily determined
by finding thpse values which produce extrema of the expressions (3) or (4)

subject to the constraint {1}). This is casily acgumplished by the method of

I R A P PN
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the Lagrangian multiplier The coe{flcxents are found Ly so!vxng the {ollo\ung
set of m+} s*mul.aneons linear equations in the m+1 unknowns LIV PP TPL

and p for the a's: For maximum improvement factor,

) l.
3(1/1F) , . 4R -
Ja M Paai 0
AIAF) , JaR . i
+p =0
3_11; 3“;_ (5’
BIIFY . R :
da thga Tt 0
m m o
- R :.0 H

for maximum directivity factor DF or maximum effective iinpr‘ové;ment factor
EF, IF in the equations above may be replaced by DF or EF, using the appro- -
priate expression, {3) or (4). ;

- These equations are consuierably sxmphf:ed m the case of a linear array
of equally spaced elements arranged for broadside recepnon in an isotropic '
backzround, since no da-lays are needed and the s‘hadxng will be symmetrical.
We first renumber the elements to take advantage of this symmetry and reduce
tke pumber of unknowns. Whereas before, we numbered the m elemcntl

1, 2.3, ittt PR ¢ 1
we now number them ' ' h
-(m-—l)lz,.. cerso=2,-1, 0 1,2,.... ...(m-l)/l.
if mis odd, and .
-mf2,....... “2-L4.2, . 0iieieina..mf2,. .

if m is even, where we now understand that a;sq=a,.. For nondirectionai
transducers in an isotropic background roise field, and with no artificial
delays, the background noise crosscorrelations 'are a function only of the
distznce between the elements, as is shown in the Appendix. In general, it
is convenicni to write the crosscorrelation function as R(d',ﬂ. where d' is
the distance between the two pbiuts and T is the relative (artificizl) delay.

Sokolmkoﬂ, I,S., arA E. S. Sokelenikoff, Higher Mathematics for
Enginrers an d Ph- sicists, 2nd ed., McGraw-Hill, Newsr York(1941)},

p- 163,




L7

T™M3It - - - . .-

In terms of this function,

s, {0) = P{li-jla,0),

. 3 . i
where d is the distance between adjacent elements (d*'=}i-jld). Then, for m odd,
, \ .
{m-~1}72 {m-1}/2 y
1 . . 1 .
5F = o nlﬂcﬁll’{h»)ld. 0), .
iz-{m-1}/2 j=-{m-1}/2 )
. : , 7 . {6) .
L (m-1}/2 o -
1 _ 1, 2.2 | .
£F “bF ' g Pyis o )
o i=-{m-1)/2 1.
and T
{(m-1)/2
R="~ ‘Hig;l=0-
jiz-{m-1}/2 ' __— -
while, for m even, ) )
. - : ’ -
ey , ,
pF* Yoy Pli-ila. 0,
j=-m/2 o
2.2 , : . _
“mﬁm . : . } (7) "
and
. R = ‘ n)il -1=0. 3
i=-mf2 - : J

" Since, because of symmetry, differcntiation with respect to a_; gives the

same eguation as docs differentiation with respect to 9 it is only necessary
to solve the following sct of (m»-u_)/z equ—éticms in the {m+1}/2 unknowns LI

- ’ ] H 2
n;. ...... °(m-l~)IZ' p far the a 1_5, if mis odd,
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.?; : Apy) 3R . , )
t e - Ba % o 3n L =0 N . RN - )
T {m-1)/2 {m-1)/2 : P | -
; R=0; ' :
) or tu solve the fonqwiﬁg set of mf2+1 eqtiafions for the a's, if m is even. '
P . . ° - ‘ . T .- . ’
IR
. ¥%F L, R L |
. anl 3&1 ) ; :
T R S . T ¢
.- l .
35 ©  ar
: da L Py =0
/2 - m/'Z -
R . 0, o . 5 .

The dzrectmt} factor or effectwe sxgnal-to-no:se ratio 1mprovement factor
a2chieved w:tn a set of coefficients o is readily calculated by evﬂuat ing the
appropriate expression in (6) or {7), whence the directional’ gain or effective

. gain is obtained by conversxon to cecxbels

It is perh.;ps wen to bear m mind that the method of the Lagrangxan -

- multiplier only determines sets of coefficients which correspond to extrema

_of the function under consideraticn, and that whether this is a mirimum (as we - .

,,H
5

desire Lere, since we are working with the reciprocals of directivity factors)

Y G ss
Y

or a maximum must be determined afterwards. We have not, however, en-

B 5 . countered anytking otker than minima in solving these equations. :
s
??: Iv
Ll Numerical Examples
1 .
LRl ., e . .. e e . . . .. .- .
o The excitation coefficients and dircctivity indices, or direciional gains, . -
s nave been computed by this rret‘md for linear arrays of five and nine non-
;: directional transducers. Calculations vere made for a wide range of band- :

widths of noise whose spectrum ig the same as the response spectrum of a

a:tf

il
.

single series-tuned-ciscuil filiq.r The back, ound noise in a receiving sy stem
3 would have this epectrum if the noise in t)e madium were essentially “white"
355 !
Alﬁ _. -
A .
5 -
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and if there were such 2 filter in the receiver, The element-to-element

spacing of the arrays was 1/8 wavelength at the center frequency of the

spectrum; the over-all lengths of the arrays were then 1/2 and 1 wave-

length, respectively, at the center frgqucncj.’ Jhe shading coefficients -
for maximum directional gain at various bandwidths were found first by

solving Eqs. {8} uéing the correlations of Table A-J; then the directional

gains which resulted from using each particular set of shad'ing coefficieats

at a number of different operating bardwidths were computed from the first -

of Eqs. {6). A o

The directional gain data for the five-element array are summarized
in Table I. The first set of entries is for uniform shading where eacha
is equal to 1/35, The dxrectmral gain for smgle-freq.xency operauon Q= co}
is 1.62 db, and it increases somewhat as the bandwidth is mcreased. The

next group of entries is for the case of shadmg to produce maximim dx-

-rectional gain for single-frequency operation. If the array could be. used

with a receiver that would accept only 2 single freqt.ency. a directional

gain of 5.54 db could be realized. If, however, the _rec.eive,r pass-banli was
finite {as it must be in a practical case) but narrow, correspondingtoa Qof
1000, for example, the directional gain would fail to -2, 84 db, and it would .
continue to fall, and rapidly so, if the operating bandwidth were further
increased. On the other hand. if the array were shaded for maximum
directional gain a1t Q= 1000, a directional gain at this bandwidth of 3.91 db
would result. As the rest of the data in this table indicate, 2 significant
increase, in the directional gain over that of the uniform arra.-y' can be effected,
but tue increase is less at the wider bandwidths. I';urthcrmorc, the wider the
desizn bandwidth, the wider the range of bandwidths at which the array will
operate with a directional gain significantly greater than that for the uniform
array. The data of this table are prescented graphically in Fig., 2. Schematic
dizgrair.s of the shadin'g cocfficients which produce maximum directional gain
at these different bandwidths are shown in Fig. 3; thc wider the design band-
width, the rore nearly the shading cocfficients approach the value for the
uniform array. The increascd weighting given the end-clements seems to be

typical of wide-band maximum-gain designs,

The garue data for the nine -elerment array are presentad in Table 1 and

oA Ny
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in graphical 'Drm in Fxg. 4. Even starting with 13 significant {igures, and
* . ' carrying 12 through the compmanon it was impossible to cvaluate the
% ' coefficients with suificient accuracy (8 significant figures) to compute the
£ . *
] %z;: ' ) directional gain for this array for operatxon at a single frequency, In order

to make this example as comp!etc as possible, a probable value for the diree-
tional gain for single-{requency operation, 7.6 db, has been estimated from

Fig. 4-7 of Technical Memorandum No, 21.1 "If was not possible to compute

’g_ the directional gain for this shading at any other bandwidth, either, for thé
: same reason, but the gain must fall very, very rapidly as the bandwidth is
3 ‘ increased, if we 2re to judge by the performance of the five -element arra.y. ‘
ig A . ] No difficulty was encountered in computing on a desk calculator the cases for
A ) the nine-element array where Q=100, 8, or 2, and these data show much the
/ iR - - ’ same bebaviour as those for the smaller array. The shading coefficients are -
’ ' presented schematically for this case in Fig. 5. Here we see that by incz:easing
- d g-_% the design bandwidth from zero ta correspond to Q= 1bo, the coefficients are
s made to fall from the order of 30,060 to the order of 1! The directionai gain
’*" achieved at Q=100 is 1.42 db greater than that for the wniform array, and .
is unquestionably far greater than that for the smgle-frequercy desxgn, if 1t
3 were orerated at thxs bandwidth, : .
? 70 ’ The effect of self-noise in the individual transducers {or their preamplifiers)
ﬁ\?’e . . - on the effective gair-x of an array can be calculated from the second oi.Eq:. {6).
} 7 For example, for the five-element lincar array discussed above, designed
_ : for maximum directional gain for single-frequency operation, although the
;:\: ' cirectional gain is 5.54 ib, transducer self-noise 40 db below the noise from
N '}«"{; the medium at the output of each transducer will decrease the effective gain of
N %A f the array to 0.15db. If the self-noise is only 20 db below the noise from the
gy medium, the effective gain of the array is reduced to f18.40 db! If, on the
3 other hand, the array is designed for maximum effective gain in the presence of
oy self-noise which is 2C db down, the effective gain can be made 3.63 db, These
> ¢atz are ircluded with others for wide -band operation in Table III. DBecause
X .Xt Las & .:';-en- suggested that once these coefficients are known approximately, .
LN by changing to a new set of variables ecaled so that each of the new variables
. At . is of the order of unity, it might be possible to make the nccessary improve-
é: ) 7 . ment in the accu.sacy of the determined values. Unfortunately, tiine did not

permit investigation of this technigue.

o DL ﬁ"‘:ﬁ"ﬁa‘iﬂtﬂﬂ. L33 AU L AV ‘ﬁ@ﬁﬁ§§f¥$%& BRI S a5
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) . DIRECTIONAL GAIN IN RECEPTION
for five-element linear array with -spacing'e,qual to 1/8
wavelength at center {requency of tuned-circuit spectrum
! Shading i Q of Operating - Directional
i ' - . - Spectrum Gain -
Uniform Tee) 1.62db
o™ 8 ‘1.84
. en 2 2.47
BMax. Gain at Q=00. . : 5.54.
. W 1000 - -2.84"
) R ‘100 : -12.22
" . 8 ~22.94
7 n . 2 ~29.12
) Max. Gain at Q=1000 o 4.04
" ] . 1000 i 3.91
. U 109 . - 2.99
‘ " g 8 . =2.32
u ' 2 - _=7.50
Max, Gain at Q=100 ) 3.83
: " 1000 - 3.82
" - . 100 ] 3.74
" - 8 . z2.79
" : . 2 : 0.92
Max. Gain at Q=8 o 3.5
" 100 ‘3.48
" : 8 ' 3.18
w ) -2 ) 2.47
Max. Gain at Q=2 © 2.70
" _ 100 2,71
" . 8 2,81
" ra 3.08
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. - Fig. 3. Schematic diagrams of the shading coefficients for a

. five-element linear array with spacing equal to 1/8 wavelength

. at tie center irequerncy of a tuned-circuil spectrim; for the
"““ t ) uniformly sensitive array, and fur arrays designed for maximum
,ﬁ ’ direclivity index (dircctional gain) at the indicated value of the
“3 & : . spectrum Q.
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Table II

_ DIRECTIONAL GAIN IN RECEPTION

for nine-element linear array with 'spacing equalto 1/8
wavelength at center frequency of tuned-circuit spectrum’

.Shading i(.) of Operating Directional
. . Spertrum Gain
Uniform o 3.94 db

" 100 - 3,95

#" 8 4,12
L, " 2 . 4,66

ax, Gain at Q= o - 1.6
. ) : {estimated)

Max. Gain at Q=100 o 3 5.68
' - 1000 5.65
~ 100 5.38
” 8 2,93
] " 2 " -0.56
Max, Gain at Q=8 M - ) 4. 88
K 100 4.86
" 3 4, 82
st 2 4.1
Max, Gain at Q=2 P 4.61
L : 1000 4,61
. 100 4,62
" 8 4,71
" 2 5.07
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self-noise reduces the effective gain drastically only when the shading co-

efficients are very large, its effect is slight on arrays designed for wide-

band operation, where, as we see from Fig. 3, the shading coefficients are
relatively small. Included in Table IIJ are the directional gains which these
seli-noise designs would have if the self-noise were not present. These figures
indicate that it is possible to design so as to pxctect against the possible presence
of self-noise, while achieving a design which wouid still produce a fairly large

directional gain,

V.

Summarz

A method kas beer demonstrated for determining the sh’adisig coefficients -

of a receiving array which produx:és the greatest possible mean-square signal-

to-noise ratic at the output, in the presence of noise arising either in the signal- -
bearing medium or in the transducers themselses or both. From the numerical
examples presented, it appears.that the maximum direciicnal gain of an equally-
spaced broadside array for wide-band operation is less than that for single-fre-
quency operation, but usually much more than that cbtained by use of the single-
frequency design at the wide bandwidth; and, except for very wide-band cases,

is sigrificantly grcater than that obtained by n-sing uniform sensitivity. The

effect of small amounts of self-noise arising in the transducers is small except

in arrays designed for maximum directional gain at very narrow bandwidths;

in these cases, by taking this self-noise into account, the effective gain of the

_array can be made near to what the directional gairx would be in the absence .

of such self—nois'e.

Although it is now possible in principic to insert the functional form of the
noise crosscor;efation function into {3} . r {4) and maximize the gain of the
array not only with respect to the shading cocflicients but also with respect to
the spacings of the cicments (along a line), his procedure has not been attempted
here, for fairly vbvious reasons. By further accounting for the cifects of
varicus time delays applied to the sigruls from the different elements, it might
be possible to maximize the gain of the array in terms of its spatial configu-
ration. Certzinly only slight changes in the functions of Table A-1 result in

vastly differont sets of couflicients for the cqually spaced linear array; il some

of these slight ¢hanpes can be coneasated by changes in spacing along a line or
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in spatial cén‘ﬁguraﬁcn of the arrzy, increased directional gains at 211 band-
widths might be found. . ,
‘ Appendix ’ .

; Computation of Background Noise Crosscorrelation in an

-g " Isotropic Noise Field® - ) ’
Eatg An isotropic noise field may be defined as one in which the total noise :

- power received by a directional receiver is independent of both its location -

;ﬁ‘{'_. and its angular orientation. For example, imagine a uniicrm distribution -

fi_" of infinitesimal statistically-independent random noise sources on the inner

; surface of a very large sphere. If all these source:i emit noise having the 7
‘f?’ same spactrum, the sound field in the vicinity of the center of the- )
2% sphére may be considered isotropic.#% . The crosscorrelation béiwqen the _

f;;g: total pressures at two different peints in such an isotropic noise field can be . -

3 ,.:_, calculate_d by integrating the crosscorrelation between the pressures produced _

at those {wo points by a single point source on the large aphere over all possible - : ]

> positions of the point: source on the sphere. '_l'hia crosscorrelation has been

Cb - derived previously and numerically evaluated for the case of a rectangular -
‘- ?1 . Spectrum one octave in width.? We here again derive these results in somewhat

: different notation, and also evaluate the crosscorrelation for tuned-cixrcuit spect-:n.

. _i‘ ‘ Assume that a single poin; source is located on a large sphere concentric

f-‘ with the origin at the spherical coordinate angles 0 and 4. Assume that this

430 source generates random noise and that the pressure at the origin generated .
§§t )
‘z*l B A

=

The context of this appendix was previously presented as Chapter Il of
Technical Mernorandum No. 28, where use was made of it in a different
connection. Because of its fundamental importance to this work, it is
included here in substantially the same form, for the conveaience of the

N ' reader.
-

Sy The above definition-is a broad-band cquivalent of the background distribution !
oy tpecified in the standard definition of directivity faclor in American Standard .

e Acoustical Terminol ., American Standards Association, Inc., New York :
A TTHIY 31, 1?5!,.

*w :

M SMarsh, H. W., Jr., “Correlation in Wave Ficlds", A declasaificd portion of the
- Quarterly Report for the period ending March 3\, 1950, U. S. Navy Underr - !
‘ , water Sound Laboratory, New London, Connecticut, 4‘
"1 .
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) Table I -
‘ ) E¥FECTIVE GAIN IN RECEPTION WITH NOISY TRANSDUCERS
§ . 5
for five-element linear array with spacing equal to 1/8 wavelength at centexr
’ frequency of tured-circuit spectrunar ‘
Designed for Maximum {Designed for Maximum .
i Directional Gain Effective Gain
Q of Self-Noise® Directional | Effective] Directional | Effective
Spectrum - Gain Gain - Gain Gain
) o | -40ab 5.54db | 0.15db
) " -30 L -8, 56
: “ -20 l -18. 40 3.80 a5 3,63 db
' 1000 -20 3.9t | o.62 3.79 3.64 -
. : 100 -20 3.74. .47 | 371 © 3,57
8 -20 3.18 3.10 3.18 3.1
e C 2 -20 3.08 ~3.05 3.08. 3.05
!;\;Ei . . ) .
i -
b at output of each {ransducer in deciliels relative to noire from medium at
€45 output of that transducer
959 )
i i
A0
'\; . _
il - .
i
i
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thercby may be represented by the randor furciion #{t}). The pressure at

a distarce d from the origin in the positive direction on 1z axis of § {z-ax3s)
is then fft+{d/c)cos §] , where ¢ is the sonnd vclocity in the medium, X pix}
is the normalized autocorrelation function of fit), the rormalized cross-

correlation of the pressures at these two points is p{2 ¢ {d[c) cos 0]...

If the isotropic noise field is assumed to have a mean-square pressure
of unity in the vicinity of the origin, the contribution to this mean-square
pressure from an element of solid angle sin @ d0 d4 will be (1/4n) sin 2 d0 d§.

The expression for the crosscorrelation in the isotropic noise field is then

2% ax ' S
P(d,‘b’)z;{l; ffp[ﬁ'-&(dlc)cosﬁ] sinO_dOdé
o o . '

= .12. fp ir+ (élc) cos 9} 5in0 40, {AY)

[+]

The symbol capital rho (F) is used heze to indicaie that this crosscorrelation
function is normalized {in the sense that P{0,0) =1). There are two possible

methods of evaluating this integral:

(1). We can introduce the new variable 7* =7 +{d/c)cos® so that

d/c+T .
P(d,7) = 5 elzta .
“d/c+t .

This for;nula must be used with care wherever p(¥) is explicitly a function

of |¢}: otherwise its use is convenient whenever the indefinite integral of
piT) is easily found.

(2). The autocorrelation function p (¥) may be written as the Fourier

E 2
transform of the intensity spectrum of flt):

*See reference 3. For.conveniencé in carrying out integration in the
complex plare we assumc here that Wiw) is an even function of W
on the real axis, which is possible becazse p(2) is real. A difference
of a fzclor 2 is in.plicit in the definitions cf the spectra for positive,
real w. :
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: Dot ] K- 2
C IR f Wiue? a0, , .
Ly . *o - ) ) 7 .
. Smce plt)is a normalized autocorrelanon function, the u:tens:ty spectrum - )
x"-\\ W{w) above is also assumed to he normahzed so that _ ' . r
N . | _
o f Wide = 1. ~ | Az
: - 0 AT '
: : ' Equation {Al) may then be wgitten - 3 -
: ; - P(d,f) - %f f W((n) ejmKdlc)cosa+'ﬂsin9dh d°
) , e | wi sinfd/c) e;tnr dws. - o - - N
- - o f fw) ~ i) - R (a3 L
1 -® o e T T L ¢ ," 7
This formula is useful when W{u) can be written exphcxtly as an analym: Iuhct:on e ’
- - of W, in which case it may be readﬂy evaluated by comonr integration. .
T "7 We first fmd P{d, 0) for a rectangular spectrnm The intensity spec?rum -
: of the noise field is assumed to ‘have the constant value lﬂ&between(d _-ab
i 3 ' and mo +4W, and to be zero elsewhere. From (AB} we then have
'sti:‘x . - - .
:%:’ T sinled/c) - » - .
- o P{d, 0):——-— (Cod ) de - E . s S
He B .
> ' : _
% - | S ratd iu.o-m :
; - . _c ' sinx c . sinx )
25 * Z2da0 x " 2daU
) Ay . : (4] Y
Pt ' ‘ -t “
i - . . _C W4 awd . nﬂ, Abd ‘ ' '
g ) T 2dau [Sl( —t- Sl(mc - )] ,
BN Znd o f 2ud '
ét' m{sll U, ran) ’JS‘{T“;,’“"J .
Ry , ' where Si( ) is the sine -integral function, . 7
& '
e
3
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VALUES OF THE FUNCTION P{d, 0) FOR THE TUNED-CIRCUIT SPECTRUM
-2 as a function of d/\ , where L _ is the wavelength at the
 center frequency of the tuned-circuit spectrum, ithaving
“been assumed that O! =£d°; for various values of Q.
' ai, " P(d,0) am, Pid, 0)
. 1
Q= T Q=8 e ,
0.0 1.0000 0000 | 0.0 1.0000 0000
0.125 0.9003. 1632 | 0.125 0.8571 8930
0.25 0.6366 1977 0.25 0.5770 8975
0.375 0.3001 0544 0.375 - 0.2590 1131 °{
0.5 0.0000 0000 0.5 0.0000 0000 '
0.625 -0.1800 6326 0.625 -0.1408 7477 |
0.75 . -0.2122 0659 0.75 -0.1580 6968 S
0.875 -0.1286 1662 0.875 -0.0912 1545
‘ 1.0 0.0000 0000 1.0 : ~ 0.0000 0000
. Q=1000 o Q=2 '
‘o 0.0 1.0000 0000 0.0 1.0000 - 0000
P o 6.125 . .0.8999 6283 0.125 i  0.7398 1238 | _
) 0.25 0.6361 1997 0.25 - | . 0.4298 6598
5 0.375 0.2997 5209 0.375 0.1665 1497
6 ' 0.5 0.0000 0060 | 0.5 0.0000 0000 -
el 0.625 -0.1797 1005 0.625 -0.0674 6173
- 0.75 -0.2117. ©718 "0.75 © -0.0653 . 3076
et .0.875 ~ -0.1282 6355 0.875 -0.0325 3737
gq 1.0 "7 £.0000 0000 1.0 - 0.0000 0000
o ,
b Q=100
- 0.0 1.0000 0000
N 0.125 0.8967 8772 |
. 0.25 0.6316 3935
N 0.375 0.2565 9065
v 0.5 -~ 0.0000 0000
P 0.625 - -0.1765 6221
(44 ] 0.75 -0.2072 6503
b 0.875 -0.1251 2924
2 1.0 0.0000 0000
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: _4 We now f{ind the complete fanction P{d,7} for the tuned-circuit spectrum,
: \ The intensity spectrum of “white" noise which has been passed througha series-
. " . tuned circuit is {normalized to satisfy (A2))
r4
g W) = — (mf I .
. (W50 + g
1 where (4 /2w is the center freguency, Wz/27 is the half-band-width, and Q =(%l ZC!E.. :
¥ The function W{®) is ar analytic f\mction_o{ the complex variable i having four
e simple poles, two each in the upper and lower hali-planes. If the sine function
g ? 2 in the integrand of {A3) is written as the sum of two exponentials, the integral
%: may be evaluated by contour integration. 'On the real axis, Wi)is a 'real, even
5 function of W, and [sinfwd/c)] /{wdlc) is also real and even. Because the Fourier .
,; transform of a real, even function is also a real, even fm;:tion, it is only neces-
" 59 ’ sary to evaluate P{d,t) for ﬁositivc z, the values for negative 7 being obtained
] {rom : ' ' ' - ’
: : P(4, -7) = P{d,7).
We thus evaluate : . o
c . : . . 0o <0 : - -
S P = g | [ ele Ty . [ Mo piale gyl
. ' ‘ fo - “oo
_ The contour integration is carricd out in straightforward manner, assuming
i ‘ that 720, it being noted that the second inté_gral is carried around the lower
. i; or upper half-plane depending respectively, on whether? is less than, or
* ‘  zreater than, d/c. The result is, for all 7, T
_ f : ’ sopdle .

{

- 11 W
3 P(d,7) = 2| e ¥l lsinh‘(9—+|f]) te Fit sinw @G- ol . pisdre,
y 2dw’ < €

+ . .

) ce FFLr 0are d wpdle 4

% = —— [e sinl' (=+ |T]) t e sinWf (= - M)].{z’la d/c,
N Zdo' : ¢ €

b where - '

. o Aor b= o) 1- 140",

-

pe.,

A
[

Wrer T = 0 this crosscorreiation function reduces to
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P1d,0) = e-ﬁrdlc [sing&?‘dfc! _]. . o : (Ag) - .
, (u'd/c) : S

Values of the function P(d, 0) computed from {A4) for various values of Q - .

are tabulated in Table A-1. In computing these values, the simpﬁfying assumpe

tion that ' :=w° was made. The numerical examples cited‘in this memorandum

were based on the values given in this table; the result of having made the assump-~

tion is that the correct spacings of the arrays for which values were computed are

larger than the value quoted by a factor - A ' '

1

1’14!402

‘are the true values of Q ae smaller by a factor

SR S ¢1-1140 <
The effect onthe computed directional gains of having made this as_s{xmptipn
is almost certainly :iegligible. o .




